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1.  Introduction . Section  2 of  this  paper  gives  sonie  results  on 
iterated  limits  vhich  may  be  considered  generalications  of  veil-known 
results  jTl,  p.  £5^_7*  Section  3 applies  these  results  to  give  easy 
proofs  of  some  central  limit,  theorems  for  m-dependent  variables . 

2.  Iterated  Probability  Limits.  Here,  ve  use  the  strong  sense 
for  constants  a^ x,  J = 1,  2, 


llm  lim  a 

J i 

(1) 


ij 


a means 


Lim 


) 


-im. 


\ 


I - a I 1 = 0. 
i ^>oo\  i >00  } 


We  note  that  (l)  holds  if,  and  only  if,  for  each  c > 0 there  exist 

integers  M,  N^,  N^,  ...  such  that  if  the  pair  (i,j)  Bat-5 nfies  J > M, 

1 > N , then  |a. . - a|  < €, 

J 

DEFINITION  1.  Let  f,  f . 1,  J = 1,  2,  ...  be  random  variables. 

— J ~ 

Then 

plim  plim  f = f 


iJ 


means,  for  every  e > 0, 


llm  lim  P(|f  - fj  > €)  =0 

\ i 
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THEOREM  1.  Let  h . , g.  j ^ 1,  2,  ...  be  random  variables. 

* XJ  XJ  " ' 

Let  G be  a function  such  that  at  each  of  its  contiguity  polntb  x 


lim  11m  P(g  . < x)  = G(x), 
J i • 


and  suppoae 


pllm  plim  h.  = 0. 
J i ^ 


Then 

lim  lim  P(g  . + h.  . < x)  = G(x) . 

j ^ * 

Let  £ = 8^  > 0 and  a continuity  point  x of  G be  given.  We  shall 
exhibit  integers  M,  Nj,,  ...  such  that 

(2)  ^ij  - ^ ^ 

if  J > M and  i > N . First,  choose  0 bo  that  G is  continuous  at  x + 0, 
J 

at  X - 0,  and  so  that 

(3)  iou  + p)  - G(x  - 0)1  < a. 

Then  choose  M,  K^,  N^,  ...  so  that,  slmultaneoubly, 

(4)  p( Ih^j!  > 0)  < a 

(5)  5 1 < ^ 

(6)  |p(g^^  < X - 0)  - G(x  - 0)  1 < a 

)P(6j_j  < X + 0)  - G(x  + 0)  I < a 


(7) 
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vhenever  (i,j)  satisfies  J > M and  i > N^.  Then  fox  »uch  a pair  (i,j), 

let  F(x)  = P(g^j  + < x),  H(x,p)  = P(g^^  + h^,  < x,  I < |3), 

L(x,P)  = P(g^j  < X,  I < P)  and  Q(x)  = ^(e^j  < x).  We  have 

1f(x)-G(x)  ! < |f(x)-H(x,«)  |h(x,?)-L(x,P)  H-  iL(x,p)-<i(x)  j+  ‘iQ(x)-G(x)  \. 

Nov  hy  (4)  aund  (5),  each  of  the  terms  on  the  right  except  the  second 
is  bovinded  by  &,  and  since  L(x-p,p)  < H(x,^)  < L(x4-p,P)  and 
L(x-p,p)  <L(x,p)  <L(x+p,p), 

|h(x,6)  - L(x,p)|  < !l(x+6,0)  - L(x-p,P)|  < 55 
toy  (4),  (7),  (5)  and  (6),  since 

|L(xfp,p)-L(x-?,p)  i < |L(x*^,p)-Q(xf^).j+  |Q(xf&)-G(xt6)}+  Ig(x4-0)-G(x-P)  ] 

+ |g(x-0)-Q(x-P) h |q(x-G)-L(x-G,G)  I 

Hence  1f(x)-G(x)  | < 88  = €,  which  is  condition  (2). 

THEOREM  2.  Under  the  conditions  of  Theorem  1,  if  there  exist 

constants  a,  ^ such  that  lim  lim  a^  , = a > 0,  and  if  G is  continuous 

IJ  j i ij 

at  x/s  then  lim  lim  P(a.  .g. ^ < x)  = G(x/a). 

J i ^ 

Using  the  artifice,  for  suitable  i,  7, 

I < j < < |)  I * Inej,  < |).  G( 


i a,  i ^ 5 S a-7^  ” 5 a+7'^  ’ * 

^ J 


t:iv,  pxocf  is  routine.  The  details  are  omitted. 


s»l>< 


3.  Applications  to  partitioned  secLuences  of  m-dependent  random 
variables ♦ Let  x^f  be  an  m-dependent  sequence  of  random  varla'hles 
with  zero  means.  For  each  pair  (n,  k)  with  an  < k < n^  define 


^i  = ^ik-kfl  ^ ^k-m 


2, 


% = ^^"l  ^ 


+ X 

u 


nk 


s 


n 

(5^  V 


- «nk^ 


Since  we  shall  be  dealing  with  11m  lim  relations,  g . , n < k,  may  be 

k n “ 

defined  indifferently. 

According  to  Theorems  1 and  2,  if 

t . 

(8)  lim  llm  = 1 

k n “n 


(9) 


(10) 


plim  pllm  h . = 0 
k n 


llm  llm  P( 


^nk 

-00 


- it^ 
2^ 


dt 


then 


- 


V — - t 


lim  P( 
n 


^1* 


• X 


dt. 


The  folloving  theorems  give  conditiont.  which  imply  (8),  (9),  and  (lO). 
THEOREM  }•  If  thore  exist  constants  a > 2,  B > 0 such  that 


(12) 


(13) 


(lU) 


n 


2 

s 


n 


< B, 


E(x^)  < B, 


s 

n n 


n = 1,  2,  . . . 

‘A  ~ 1^  2j 


then  conditlOQ  (11)  holds. 

We  first  estahlish  (8)  and  (9).  One  readily  finds,  for 


2m  < k < n, 


(15) 

and 

(16) 


I 2 .2 

|g_  - 

U UM 


— t 

( - ' 

J 


k^)8m^ 


E(h!,.)  <4- 

u&  C 


n 

k 


B 


But,  using  (12), 


(1?) 


lim  11m 
k n 


= lim  (i  lim  ^)  = 0. 
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Relationa  (15) ^ (l6)  and  ^17)  Imply  (8)  and  (9)« 

Condition  (lO)  will  be  trv.e,  by  Liapounoff ' s Theorem 
f~\f  p.  284  "7  i?,  ?or  iargs  k. 


ik-m 

Now  E(  ly  P)  < I E(  !x  P),  so  that 

^ J=ik-k+l 


n 


ni; 


< lim 

p 


s 

n 


B 

n 


0. 


ny  (l4)  and  (8);  if  k is  large. 

THEOREM  4.  ^ Xg,  ...  is  a stationary  m-dependent  sequence 

wich  zero  means,  then  (11)  holds . 

For  in  that  case,  (12)  holds,  and,  since  the  variances  are 
bounded,  (8)  and  (9)  are  established  as  above.  (10)  holds,  since,  for 
each  k > 2m,  the  sequence  y^,  y^,  ...  is  stationary  and  independent. 
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